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Late-time evolution of a charged massless scalar field in the spacetime of a dilaton black hole
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We investigate the power-law tails in the evolution of a charged massless scalar field around a fixed
background of a dilaton black hole. Using both analytical and numerical methods we find the inverse power-
law relaxation of charged fields at future timelike infinity, future null infinity, and along the outer horizon of
the considered black hole. We envisage that a charged hair decays slower than neutral ones. The oscillatory
inverse power law along the outer horizon of the dilaton black hole is of great importance for a mass inflation
scenario along the Cauchy horizon of a dynamically formed dilaton black hole.
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I. INTRODUCTION

The late-time evolution of various fields outside a collap
ing star plays an important role in the major aspects of bl
hole physics, i.e., in Wheeler’s no-hair theorem@1# and in
the mass inflation scenario@2#. In Ref. @3# the neutral exter-
nal perturbations were studied and it was found that the l
time behavior for a fixedr is dominated by the facto
t2(2l 13) for each multipole momentl. Next, Gundlachet al.
@4# studied the behavior of neutral perturbations along n
infinity and along future event horizon. Their conclusion w
that along null infinity the decay is according to the pow
law of the formu2( l 12), whereu is the outgoing Eddington
Filkenstein~ED! null coordinate. On the other hand, the ne
tral perturbations along the event horizon behave l
v2( l 13), wherev is the ingoing ED coordinate. Bicak@5#
analyzed the scalar field perturbations on Reissn
Nordström ~RN! background and found foruQu,M the re-
lation t2(2l 12), while for uQu5M the late-time behavior for
a fixed r was governed by the rulet2( l 12).

The late-time behavior of a charged massless scalar
in RN spacetime were studied analytically and confirmed
the direct numerical studies of the fully nonlinear gravi
tional collapse in Refs.@6–8#. Among all, the conclusion wa
that a charged hair decayed slower than a neutral one,
the charged scalar hair outside a charged black hole
dominated by at2(2l 12) behavior.

The problem of the late-time tails in gravitational collap
of a self-interacting massive field were studied in Ref.@9#. At
late times the decay of a self-interacting hair is slower th
any power law.

In our work we shall discuss the asymptotic evolution o
massless charged scalar field in the background of a dil
black hole. Focusing on the no-hair theorem, we shall
interested in the dynamical mechanism by which the char
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hair is radiated away. In Sec. II we start with the outline
the system under consideration and we analytically study
late-time evolution of charged scalar perturbations alo
timelike infinity, future null infinity, and the black hole oute
horizon. Then, in Sec. III we treat the problem numerical
Section IV outlines our conclusions and remarks.

II. THE EINSTEIN-MAXWELL-DILATON EQUATIONS

In this section we shall analytically study the evolution
a massless charged scalar fieldc around a fixed background
of an electrically charged dilaton black hole. The wave eq
tion for a massless charged scalar field is given by@10#

¹m¹mc2 ieAagab~2¹bc2 ieAbc!2 ie¹mAmc50,
~1!

wheree is a constant value andAb is the gauge potential.
The metric of the external gravitational field will be give

by the static, spherically symmetric solution of equations
motion derived from the low-energy string action~see, e.g.,
Ref. @11#!. The action has the form as follows:

S5E d4x@R22~¹f!22e22fF2#, ~2!

wheref is the dilatonic field andFab52¹ [aAb] . The met-
ric of the electrically charged dilaton black hole is as fo
lows:

ds252S 12
2M

r Ddt21
dr2

S 12
2M

r D 1r S r 2
Q2

M D
3~du21sinudf2!. ~3!

The event horizon is located atr 152M . For the case of
r 25Q2/M we have another singularity but it can be ignor
because of the fact thatr 2,r 1 . The dilaton field is given by
©2001 The American Physical Society14-1
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e2f5e22f0(12r 2 /r ), wheref0 is the dilaton’s value atr
→`. The massM and the chargeQ are related by the rela
tion Q25@(r 1r 2)/2#e2f0.

Defining the tortoise coordinatey, as dy5@dr(1
22M /r )# one can rewrite Eq.~3! in the form

ds25S 12
2M

r D @2dt21dy2#

1r S r 2
Q2

M D ~du21sinudf2!. ~4!

For the spherical background each of the multipoles of
perturbation field evolves separately so for the scalar fiel
the form c5( l ,mhm

l (t,r )Yl
m(u,f)/Rr, one has the follow-

ing equations of motion for each multipole moment

h ,tt22ieAth ,t2h ,yy1Vh50, ~5!

where

V5F l ~ l 11!

R2 1
R9

R S 12
2M

r D1
2MR8

r 2R
G S 12

2M

r D2e2At
2 .

~6!

By R we denotedR5Ar (r 2Q2/M ) and 8 is the derivative
with respect to ther coordinate. As in Ref.@6# in order to get
rid of the physically unimportant quantityF̃, which appear
in At5F̃2Q/r , one can define the auxiliary fieldc̃
5e2 ieF̃th. Then Eq.~5! may be written as

c̃ ,tt12ie
Q

r
c̃ ,t2c̃ ,yy1Ṽc̃50, ~7!

where

Ṽ5F l ~ l 11!

R2 1
R9

R S 12
2M

r D1
2MR8

r 2R
G S 12

2M

r D2
e2Q2

r 2

50. ~8!

One can assume that the general solution of Eq.~7! is of the
form

c̃5 (
k50

l

AkR
2k@e2 ieQlnrG~u!( l 2k)1~21!keieQlnrF~v !( l 2k)#

1 (
k50

`

@Bk~R!G~u!( l 2k21)1CkF~u!( l 2k21)#, ~9!

where F and G are arbitrary functions of a retarded tim
coordinateu5t2y and an advanced time coordinatev5t
1y. The superindices onF and G have different meaning
depending on their negativity or positivity. The positive s
perindices indicate the number of times the function is d
ferentiated, while the negative ones are to be interprete
integrals@3#. The first sum inc̃ represents the primary wave
08401
e
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-
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in the wave front while the second sum depicts the ba
scattered waves. The first sum in the above expression is
zeroth order solution.

The recursion relation forBk(R) is as follows:

2l2Bk~R!81
2ieQ

r
Bk~R!2l2@l2Bk21~R!8#8

1l2FAk~R!~kR81 ieQ!
1

Rk11r ieQG 8
1Ṽ@Ak~R!R2kr 2 ieQ1Bk21~R!#

12Ak11~R!
@ ieQ~R2rl2!2l2rR8~k11!#

Rk11r ieQ11
50,

~10!

wherel5(122M /r ). We expand theBk(R) coefficient in
the form

Bk~R!5
ak

Rk11r ieQ
1

bk

Rk11r ieQ11
1•••, ~11!

where as in Ref.@3# ak5ak( l ,eQ), bk5bk( l ,eQ).
Using Eqs.~10! and ~11! the lowest order coefficients

yield

ak52 ieQAk~R!
2k11

2~k11!
@11O~eQ!#. ~12!

As was pointed out after the start of the collapse of the s
surface it approached very fast the speed of light. Thus
world line is asymptotic to an ingoing null geodesicsv
5v0. The time dilatation between static frames and infalli
frames caused that the variation of the fieldc̃ on the star’s
surface is asymptotically redshifted. This means thatc̃ ,u will
be small at late times. Then it is well justified to make
assumption that after some retarded timeu5u1 variations of
the charged fieldc̃ on v5v0 can be neglected.

In the first stage of evolution we shall consider the sc
tering in the regionu0,u,u1. One has taken the variatio
of the field onv5v0 to be neglected afteru1. Thus, we have
no outgoing radiation foru.u1, except from backscattering
This assumption about no late outgoing waves is equiva
to taking G(u1)50. Summing it all up, for larger at u

5u1 the dominant term inc̃ ~the dominant backscatter of th
primary waves! is as follows:

c̃~u5u1 ,r !5al

1

r l 11
G(21)~u1!. ~13!

In the next stage of the consideration we take a closer loo
the asymptotic evolution of the charged scalar field. We sh
take into consideration the region wherey@M ,Q and for
which u.u1. In this region the leading order effect on th
4-2



ce

.

r

he

t

e
ng.

on

k

nce

ons

for-

e

int

.
ose

LATE-TIME EVOLUTION OF A CHARGED MASSLESS . . . PHYSICAL REVIEW D 63 084014
propagation ofc̃, has thecentrifugal termin the potentialṼ,
namely, the evolution is dominated by a neutral flat spa
time terms. Thus one has

c̃ ,tt2c̃ ,rr 1
l ~ l 11!

r 2 c̃50. ~14!

As in the RN case in this region one can replacer by y,
because of the fact thatc̃ ,yy.c̃ ,rr 1O(M ). The solution to
Eq. ~14! can be written in the form

c̃5(
l 50

k

Aky
2k@g( l 2k)~u!1~21!kf ( l 2k)~v !#. ~15!

Matching Eq.~15! with initial data onu5u1 Eq. ~13!, one
has f (v)5F0v21, whereF0 is of the same form as in RN
case@6#. The standard procedure of expansion@3#, for late
times t@y for g(u)5(n50

` @(21)n/n! #g(n)(t)yn and simi-
larly f (v)5(n50

` (1/n!) f (n)(t)yn, enables one to rewrite Eq
~15! as follows:

c̃5 (
n521

`

Knyn@ f ( l 1n)~ t !1~21!ng( l 1n)~ t !#, ~16!

whereKn are given in Ref.@3# as in the neutral case.
Using the boundary conditions for smallr ~see Refs.@3#

and @4# for the details!, one finds that the late time behavio
of the scalar field at timelike infinityi 1 is

c̃.2Kl 11yl 11f (2l 11)~ t !

522Kl 11F0~2l 11!! t22(l 11)yl 111O~eQ!. ~17!

On a future null infinityscri1 one has

c̃~v@u,u!.A0g( l )~u!.2F0l !u2( l 11). ~18!

At the black hole outer horizonH1 ~as y→2`) the equa-
tion of motion can be approximated by

c̃ ,tt1
ieQ

M
c̃ ,t2c̃ ,yy2

e2Q2

4M2 c̃50, ~19!

with the general solution of the form

c̃5e2( ieQ/2M )t@a~u!1g~v !#5e2( ieQ/2M )tg~v !. ~20!

We puta(u)50 because of the condition of neglecting t
variation of the scalar field onv5v0. To join the solution for
y!2M with y@M for i 1 , one uses the ansatz@4,6# c̃

.c̃statt
22(l 11) for the solution in regiony!2M and t

@uyu, i.e., we assume that for the whole range ofy the so-
lution has the same late-time dependence as fory@M . This
enables us to match the solution~20! with that for i 1 . One
concludes that the late-time behavior on the horizonH1 is

c̃~u→`,v !5G0eieQy/2Mv22(l 11), ~21!
08401
-

where the constantG0 is determined by the condition tha
there is a static solution fulfilling limy→` c̃finstat5G0 and
limy→` c̃finstat522Kl

2l 11F0(112l )! r l 11. As was remarked
in Refs.@3,4#, the coefficientG0 and all other aspects of th
late-time behavior are governed by the initial backscatteri

As one can see the behavior of the charged scalar field
a fixed dilatonic background at timelike null infinityi 1 and
the future null infinityscri1 is the same as in the RN blac
hole case. However, on the external horizonH1 we have
some changes, but the general form of the time depende
is maintained.

III. NUMERICAL METHOD AND RESULTS

In this section we shall numerically study Eqs.~7! and~8!.
First we transform Eq.~7! into (u,v) coordinates. This yields

4c̃ ,uv12ie
Q

r
~ c̃ ,u1c̃ ,v!1Ṽc̃50. ~22!

Then we divide this equation into a set of coupled equati
for real c̃R and imaginaryc̃ I parts of the field,

4c̃R,uv22e
Q

r
~ c̃ I,u1c̃ I,v!1Ṽc̃R50, ~23!

4c̃ I,uv12e
Q

r
~ c̃R,u1c̃R,v!1Ṽc̃ I50. ~24!

To solve these equations numerically we establish a uni
mally spaced grid (ui ,v i), i 50, . . . ,n, with ui5v i5 ih and
Du5Dv5h. Next, we construct an implicit differenc
scheme

c̃R
N2c̃R

W2c̃R
E1c̃R

S2
eQh

2r
~2c̃ I

N2c̃ I
W2c̃ I

E!1
Ṽh2

4
c̃R

N50,

~25!

c̃ I
N2c̃ I

W2c̃ I
E1c̃ I

S1
eQh

2r
~2c̃R

N2c̃R
W2c̃R

E!1
Ṽh2

4
c̃ I

N50,

~26!

where if c̃S denotes the value of the considered field at po
with coordinates (u0 ,v0),c̃W,c̃E,c̃N are the values of the
field at (u01h,v0),(u0 ,v01h),(u01h,v01h), respectively
~see Fig. 1!.

Thus given the initial values of the field on theu5u0 axis
and imposing boundary conditions on thev5v0 axis one
may integrate Eqs.~25! and ~26! row by row. As an initial
condition we choose the Gaussian impulse of the form

c̃5~11 i !expF2
~v2v* !2

s G . ~27!

In all calculations presented here we usev* 5100 ands
5400. The size of the grid ranges from 0 to 0 to 104 or
43104 in both u and v and usuallyh equals at least 0.1
Because of the scale invariance of the problem we cho
4-3
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2M51. Unless otherwise noted we useQ50.45 ande
50.01. In Fig. 2 we present the time evolution of the field
three different hypersurfaces: future timelike infinityi 1 , fu-
ture null infinity scri1 , and the future horizonH1 . In the
numerical experiments these lines are approximated by

FIG. 1. Schemat of computational grid. Initial conditions a
specified onu5u0 axis, and boundary conditions onv5v0 axis.
Given the values of the field at W, S, and E points we can calcu
the field at N. Starting from lower corner of the grid calculatio
proceeds to upper corner row by row.

FIG. 2. Time evolution of the scalar field from the Gaussi

initial data. i 1 approximated byc̃(y5400,t) represents future

timelike infinity while scrit1 @c̃(v543104,u)# and H1 @c̃(u
523104,v)# represent future null infinity and the future horizo
respectively. Numerically calculated slopes for these curves
22.04 for i 1 , 21.13 for scrit1 , and21.99 for H1 . Thin solid
lines have slopes equal to power-law exponents expected from
oretical predictions.
08401
he

values of the fieldc̃(y5400,t), c̃(v54000,u), and c̃(u
523104,v) respectively. Calculations are done forl 50.
After a short period of a quasinormal ringing the dominan
of power-law tails becomes prominent. The solid lines in
cate power law exponents21 and 22 expected from the
theoretical predictions of Sec. II. As can be seen the ag
ment between these predictions and the experiment is ex
lent. The highest discrepancy forscrit1 results from the fact
that the theoretical assumptionv@u is not well maintained
at the end of the line.

te

e

e-

FIG. 3. Field evolution on future timelike infinityi 1 for differ-
ent values of the parameterl 50,1,2. Curves have slopes of
22.04, 24.07, and26.06, respectively. Thin solid lines indicat
power-law exponents predicted from analytical investigations.

FIG. 4. Field evolution on future timelike infinity for differen
values of (Q/M )2. Power-law exponents of the late-time tails ar
22.07 for (Q/M )250.1 and21.98 for (Q/M )250.9.
4-4
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In Fig. 3 we examine the dependence of power-law ex
nents on thel number. We studied the behavior of the fie
on future timelike infinityi 1 for l 50,1,2. As in the previous
example the thin solid lines indicate the theoretically p
dicted values of power-law exponents from Eq.~17!. Once
again the late time power-law tails of the field converge
those theoretically predicted.

In order to check that the late time behavior of the fie
depends on the chargeQ we performed the calculation fo
two values of (Q/M )2 ratios 0.1 and 0.9, for the Gaussia
initial data with l 50. The results are presented in Fig.
Once again the theoretical predictions are in agreement
the numerical simulation. Figure 4 envisages the evide
for the existence of power-law tails on the outer horizon
dilaton black hole for generic perturbations being of gr
importance for themass inflationscenario. For the first time
the existence of power-law tails on the outer horizon of R
black hole was revealed in Ref.@4# which studied scalar field
perturbations and also confirmed the case of mass
charged scalar fields on RN background@6,8#.

IV. CONCLUSIONS

In our work we studied the asymptotic late-time behav
of a massless charged scalar field in the background of d
ton black hole being the spherical solution of the so-cal
low-energy string theory. We confined the existence of
cillatory inverse power-law tails in a collapsing spacetim
along asymptotic regions of future timelike infinity, futur
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null infinity, and along the outer horizon of the consider
black hole.

On a null grid (u,v) we integrated numerically the linear
ized charged scalar field equations and confirmed the e
tence of the power-law tails. One also treated the depende
on the l number; they converged to the results theoretica
predicted. The numerical results confirmed our analyti
conjecture that a charged hair decayed slower than a ne
one. The same statement was also revealed in the RN
@6,8#. The oscillatory inverse power-law tails along the ou
horizon of dilaton black hole suggests the occurrence
mass inflationalong the Cauchy horizon of a dynamical
formed dilaton black hole. It will be interesting to study th
fully nonlinear gravitational collapse using a differe
scheme based on double null coordinates@12# which allows
one to begin with regular initial conditions and continue t
evolution all the way inside the black hole. We hope to
turn to this problem elsewhere. Another problem for inves
gations is the problem of late-time behavior of se
interacting scalar fields in the spacetime of dilaton black h
and the higher order string corrections modifying the init
action @13#.
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